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Abstract
The Wiener polarity index Wp, one of the most studied molecular structure
descriptors, was devised by the chemist Harold Wiener for predicting the boiling
points of alkanes. The index Wp for chemical trees (chemical graphs representing
alkanes) is defined as the number of unordered pairs of vertices at distance 3. A
vertex of a chemical tree with degree at least 3 is called a branching vertex. A
segment of a chemical tree T is a path-subtree S whose terminal vertices have
degrees different from 2 in T and every internal vertex (if exists) of S has degree
2 in T . In this paper, the best possible sharp upper and lower bounds on the
Wiener polarity index Wp are derived for the chemical trees of order n with a given
number of branching vertices or segments, and the corresponding extremal chemical
trees are characterized. As a consequence of the derived results, an open problem
concerning the maximal Wp value of chemical trees with a fixed number of segments
or branching vertices is solved.
1 Introduction
In molecular science one of the important issues is to model and predict the physicochem-
ical properties of chemical compounds. Many theoretical methods have been developed
by different researchers in this regard. Nowadays people are more concerned in one of the
methods that involve topological indices [3]. The use of topological indices has made the
life more easier to understand the molecular science.
Every chemical compound can be represented by a graph (known as a chemical graph)
in which vertices are the atoms of the chemical compound and edges are the bonds. A
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topological index is a numerical value associated with a chemical graph, which remains
unchanged under graph isomorphism [12]. In 1947, Harold Wiener proposed a topolog-
ical index while he was working on boiling points of the paraffins [32]. He proposed a
linear formula in which two parameters, say W and Wp, were used, which were later on
named as the Wiener index and the Wiener polarity index, respectively. Much attention
was not given to Wp until Lukovits and Linert demonstrated the importance of Wp in
the quantitative structure-property relationships (QSPR) in a series of acyclic and cycle-
containing hydrocarbons [19]. Detail about the chemical applications of Wp can be found
in the papers [7,16,19,23,27,29–32]. Considering the importance of this topological index,
many researchers have devoted their attention towards it and studied its mathematical
properties, for example see the papers [4, 6, 15, 21, 22, 24, 25, 33, 34] and references listed
therein.
Before going further, let us recall some graph theoretical definitions and notations.
Let G = (V (G), E(G)) be a simple graph with the vertex set V (G) and edge set E(G).
The degree of a vertex u ∈ V (G), denoted by du(G) (or simply by du if the graph under
consideration is clear), is the number of edges incident with u. A connected graph of
order n and size n− 1 is called a tree. A tree with maximum degree at most 4 is called a
chemical tree. A vertex of degree one in a graph is said to be pendent vertex and a vertex
of degree greater than 2 is called a branching vertex. A segment of a tree T (see [8]) is
a path-subtree S whose terminal vertices have degrees different from 2 in T and every
internal vertex (if exists) of S has degree 2 in T . A sequence P = v0v1 · · · vk of vertices
of a tree T is called a pendent path (internal path, respectively) of length k, if each two
consecutive vertices in P are adjacent in T , one of the two vertices v0, vk is pendent and
the other is branching (both the vertices v0, vk are branching, respectively), and dvi = 2
if 1 ≤ i ≤ k − 1.
Du et al. [9] showed that Wiener polarity index Wp of any tree T can be written as:
Wp(T ) =
∑
uv∈E(T )
(du − 1)(dv − 1).
Here, it should be noted that in case of trees, Wp coincides with the reduced second
Zagreb index [13, 14, 28]. In [9, 13, 28] the researchers determined the bounds on Wp for
some classes of graphs . In [20], the authors determined maximum Wp among the class of
n-vertex trees with the given degree sequence. Deng et al. in [5] determined the maxi-
mum and minimum Wp value of the chemical trees on n vertices with n ≥ 4. For, further
references on extremal results on Wp we refer the reader to the references [1, 2, 6, 10, 17].
The main motivation of the present study comes from the recent paper [26] where the
problem of finding the graphs having maximal Wp value among all chemical trees of order
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n with a fixed number of segments or branching vertices was attacked and left open. In
this paper, we solve this problem.
In Sections 2 and 3, the best possible sharp upper and lower bounds onWp are derived,
respectively, for the chemical trees of order n with a given number of branching vertices,
and the corresponding extremal trees are characterized. The best possible sharp upper
and lower bounds on Wp for chemical trees of order n with a fixed number of segments
are established in Sections 4 and 5, and the trees attaining these bounds are also charac-
terized there. In what follows, we define few notions that will be used in the next sections.
A tree of order n is called n-vertex tree. Let CT n,k be the class of all n-vertex chemical
trees with exactly k segments, where 3 ≤ k ≤ n − 2. Denote by CT ∗n,b the class of all
n-vertex chemical trees with exactly b branching vertices, where 1 ≤ b < n
2
− 1. Denote
by NG(v) or simply by N(v) the set of all those vertices of G that are adjacent to the
vertex v ∈ V (G). Let ni(G) (or ni) be the number of vertices of G that have degree i.
2 On the maximum Wiener Polarity index of chem-
ical trees with fixed number of branching vertices
Let BTmax be the tree with the maximalWp value among all the members of CT
∗
n,b, where
1 ≤ b < n
2
− 1. Throughout this section, we assume that n ≥ 7. For proving the main
result of this section, we firstly need some structural properties of the tree BTmax. The
following result concerning the length of the internal path of the tree BTmax was appeared
in the recent paper [26].
Lemma 2.1. [26] The tree BTmax ∈ CT
∗
n,b does not contain any internal path of length
greater than 1.
Lemma 2.2. If the tree BTmax ∈ CT
∗
n,b contains a non-branching vertex adjacent to a
vertex of degree 4, then BTmax does not contain adjacent vertices of degree 3.
Proof. Assume, on the contrary, that w, z ∈ BTmax be the vertices of degree 3 such that
w and z are adjacent to each other and there is a non-branching vertex u adjacent to a
vertex v of degree 4. Let w1 and w2 be the neighbors of w different from z, then dw1 ≥ 1
and dw2 ≥ 1. If T
′ = BTmax − w1w − w2w + uw1 + uw2,
then it can easily be observed that T ′ ∈ CT ∗n,b and
Wp(BTmax)−Wp(T
′) = 4 + 2(dw1 − 1) + 2(dw2 − 1) + (du − 1)
∑
x∈N(u)
(dx − 1)
−(du + 1)(dw1 − 1)− (du + 1)(dw2 − 1)
−(du + 1)
∑
x∈N(u)
(dx − 1)
3
≤ 4− 2
∑
x∈N(u)
(dx − 1) < 0,
which is a contradiction to the choice of BTmax.
Lemma 2.3. [26] If the tree BTmax ∈ CT
∗
n,b contains a pendent vertex adjacent to a
branching vertex, then BTmax does not contain a pendent path of length greater than 2.
Lemma 2.4. In the tree BTmax ∈ CT
∗
n,b each vertex of degree 3 contains at most one
neighbor of degree 4.
Proof. Suppose, on the contrary, that z is a vertex of degree 3 in BTmax with neighbors
x, y such that dx = dy = 4. Let u be a non-branching vertex adjacent to a branching
vertex v in BTmax.
If T ′ = BTmax − xz − zy − uv + xy + uz + zv, then T
′ ∈ CT ∗n,b and
Wp(BTmax)−Wp(T
′) = 8 + dudv − 3du − 3dv,
which is negative because the function f defined by f(a, b) = ab − 3a − 3b + 8, with
1 ≤ a ≤ 2 and 3 ≤ b ≤ 4, is negative, and hence we have Wp(BTmax) < Wp(T
′), which is
a contradiction to the choice of BTmax.
Lemma 2.5. a) If a tree T ∈ CT ∗n,b contains a vertex v of degree 2 with neighbors u and
w such that dw = 3 and du ≥ 1, where w1 and w2 are the neighbors of w different from v,
then a tree T ′ can be obtained from T as T ′ = T −{ww1, ww2}+ {vw1, vw2}, which gives
Wp(T ) ≤Wp(T
′) .
b) If a tree T ∈ CT ∗n,b contains vertices u, v, w, z such that uv, vw ∈ E(T ) with du ≥ 1,
dv = 2, dw = 4 and dz = 3 where z1, z2 are neighbors of z not lying on the wz-path,
then a tree T ′ can be obtained from T as T ′ = T − {zz1, zz2} + {vz1, vz2}, which gives
Wp(T ) ≤Wp(T
′) .
Proof. a) It holds,
Wp(T )−Wp(T
′) = 2− (dw1 − 1)− (dw2 − 1)− 2(du − 1). (1)
For n ≥ 7 and b ≥ 1, Eq(1) gives Wp(T )−Wp(T
′) ≤ 0 or Wp(T ) ≤Wp(T
′) .
b) Let x be the neighbor of z different from z1 and z2, then
Wp(T )−Wp(T
′) = −6 − 2(du − 1)− (dz1 − 1)− (dz2 − 1) + 2(dx − 1)
≤ 0
Hence Wp(T ) ≤ Wp(T
′) .
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Thus, by Lemmas 2.1-2.5, in order to maximize Wiener polarity index Wp first we
replace the vertices of degree 2 by the vertices of degree 4 using Lemma 2.5 so that the
presence of vertex of degree 2 ensures that there is no vertex of degree 3, then place the
vertices of degree 3 between pendent vertices and vertices of degree 4 so that if there
is a pendent vertex adjacent to a vertex of degree 4, then there is no adjacent pair of
vertices of degree 3, also there is no vertex of degree 3 between any two vertices of degree
4. Note that if b = n
2
−1 or n = 2b+2 the tree BTmax contains only pendent vertices and
branching vertices of degree 3 and if b < n
2
− 1, then there is at least one vertex of degree
4. The construction of maximal tree described above implies that when n−2
3
≤ b < n
2
− 1
or 2b + 2 < n ≤ 3b + 2 there is no vertex of degree 2 or n2 = 0, n3 = 3b − n + 2 and
n4 = n− 2b− 2.
Denote BT 1(n, b) ⊆ CT
∗
n,b, for
n−2
3
≤ b < n
2
−1, the set of all n-vertex chemical trees with
degree sequence (4, 4, ..., 4︸ ︷︷ ︸
n−2b−2
, 3, 3, ..., 3︸ ︷︷ ︸
3b−n+2
, 1, 1, ..., 1︸ ︷︷ ︸
n−b
), whose vertices of degree 3 are placed as de-
scribed above. Let θ denotes the number of non-branching neighbors of vertices of degree
4 in BT 1(n, b), or θ = 2n4+2 = 2n− 4b− 2. Note that if n3 < θ or
n−2
3
≤ b < 3n−4
7
, then
there are not enough vertices of degree 3 to be placed between the pendent vertices and
vertices of degree 4, in this case we get x3,4 = n3 = 3b− n+2, x4,4 = n4− 1 = n− 2b− 3,
x3,3 = 0. Now if n3 ≥ θ + 1 or
3n−4
7
≤ b < n
2
− 1, then x3,4 = θ = 2n − 4b − 2,
x4,4 = n4 − 1 = n− 2b− 3, x3,3 = n3 − θ = 7b− 3n+ 4.
Thus, using the construction of maximal tree in CT ∗n,b as described above if b <
n−2
3
,
then n3 = 0 and n4 = b. By Lemmas 2.1and 2.3, in order to maximize Wp we need to
place the vertices of degree 2 between pendent vertices and vertices of degree 4 so that if
there is any pendent vertex adjacent to a vertex of degree 4, then there is no vertex of
degree 2 between two vertices of degree 4 and there is no pendent path of length greater
than 2. Denote BT 2(n, b) ⊆ CT
∗
n,b, for 1 ≤ b <
n−2
3
, the set of all n-vertex chemical trees
with degree sequence (4, 4, ..., 4︸ ︷︷ ︸
b
, 2, 2, ..., 2︸ ︷︷ ︸
n−3b−2
, 1, 1, ..., 1︸ ︷︷ ︸
2b+2
), whose vertices of degree 2 are placed
as described above. Let θ denotes the number of non-branching neighbors of vertices of
degree 4.
Note that if n2 < θ or
n−4
5
< b < n−2
3
, then there are not enough vertices of degree
2 to be placed between the vertices of degree 4 and pendent vertices and x4,4 = b − 1,
x2,4 = n2 = n− 3b− 2, x2,2 = 0. Now if 1 ≤ b ≤
n−4
5
, then x4,4 = b− 1, x2,4 = θ = 2b+ 2,
x2,2 = n− 5b− 4.
By previous considerations, the structure of a chemical tree that maximizing Wp is
completely determined, which enables us to state the following result.
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Theorem 2.6. Let BT ∈ CT ∗n,b, where 1 ≤ b ≤
n−4
2
, then
WP (BT ) ≤


n + 10b− 7 , 1 ≤ b ≤ n−4
5
3n− 15 , n−4
5
< b < 3n−4
7
9n− 14b− 23 , 3n−4
7
≤ b < n
2
− 1.
The equality holds if BT ∈ BT 1(n, b) for
n−2
3
≤ b < n
2
− 1, or BT ∈ BT 2(n, b) for
1 ≤ b < n−2
3
.
Proof. According to previous considerations, the tree from BT n,b which maximizes Wp
belongs to BT 1(n, b) for
n−2
3
≤ b < n
2
− 1 and BT 2(n, b) for 1 ≤ b <
n−2
3
. The Wiener
Polarity index of an arbitrary tree belonging to these sets can easily be calculated using
above described results, which completes the proof.
3 On the minimum Wiener Polarity index of chemi-
cal trees with fixed number of branching vertices
In this section the influence of the number of branching vertices in a chemical tree on
Wiener polarity index is investigated and the lower bound on WP for n-vertex chemical
trees from CT ∗n,b containing b branching vertices is found. Let CT be a tree with min-
imum Wiener polarity index among the n-vertex trees from CT ∗n,b. Then the following
observations hold.
Lemma 3.1. The tree CT ∈ CT ∗n,b for b ≥ 2 does not contain any pendent path of length
greater than 1.
Proof. Suppose, on the contrary, that there is a path P : u0u1u2...ut−1utv with t ≥ 1 in
CT where dv ≥ 3 and du0 = 1, du1 = du2 = ... = dut = 2. Let w be a neighbor of v lying
on some internal path (the existence of w is confirmed because of the assumption b ≥ 2).
Let T ′ = CT−{ut−1ut, vw}+{vu0, ut−1w}. It is observed that T
′ ∈ CT ∗n,b . As dw ≥ 2
and dv ≥ 3, we have
Wp(CT )−Wp(T
′) = (dw − 1)(dv − 2) > 0,
a contradiction to the minimality of CT .
Lemma 3.2. If the tree CT ∈ CT ∗n,b contains an internal path of length 1, then it does
not contain an internal path of length greater than 2.
Proof. Suppose, on the contrary, that there is an internal path u1u2 · · ·us of length at
least 3 in CT provided that u1 and us are branching vertices, let there also exists a
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pair of adjacent, branching vertices u and v in CT . Let T ′ = CT − {u1u2, u2u3, uv} +
{u1u3, uu2, u2v}, then T
′ ∈ CT ∗n,b and
Wp(CT )−Wp(T
′) = dudv − 2du − 2dv + 4,
which is positive because the function f defined by f(x, y) = xy − 2x − 2y + 4, with
3 ≤ x, y ≤ 4, is increasing in both x and y, and hence we have Wp(CT ) > Wp(T
′), a
contradiction to the choice of CT
Lemma 3.3. Let u be a vertex of degree 4 in a tree T ∈ CT ∗n,b with a non-pendent neighbor
u1, and a neighbor u2 (different from u1) such that a pendent vertex w1 is connected to u
via u2 and N(w1) = w2. Let T
′ be a tree obtained by deleting the edge uu1 and adding a
new edge w1u1(Fig). Then T
′ ∈ CT ∗n,b and Wp(T ) ≥Wp(T
′).
Proof. It holds as if u2 6= w1, then we obtain
Wp(T )−Wp(T
′) = 2(du1 − 1) +
∑
x∈N(u),x 6=u1
(dx − 1)− (dw2 − 1)
≥ 0,
which implies that Wp(T ) ≥Wp(T
′).
Now if u2 = w1 i.e. u = w2, then we obtain
Wp(T )−Wp(T
′) = −2 + 2(du1 − 1) +
∑
x∈N(u),x 6=u1
(dx − 1)
≥ 0,
again implying that Wp(T ) ≥Wp(T
′).
Remark 3.1. Bearing in mind Lemma 3.3, it can be observed that by inserting the
vertices of degree 2, all the vertices of degree 4 can be replaced by the vertices of degree
3 without loss of minimality of Wp of the trees from CT
∗
n,b.
Consequently, using Lemmas 3.1,3.2 and 3.3 a tree CT ∈ CT ∗n,b containing only vertices
of degree 1, 2 or 3 can be constructed with n4 = 0, n3 = b, n2 = n−2b−2 and n1 = b+2
where the vertices of degree 2 are placed between two vertices of degree 3 so that there
is no vertex of degree 2 adjacent to a pendent vertex and if there is an internal path of
length 1 then there is no internal path of length greater than 2, the remaining vertices of
degree 2 are placed arbitrarily between any two vertices of degree 2.
Note that if n2 < b − 1 or n < 3b + 1, then there are not enough vertices of degree 2 to
place between the vertices of degree 3 so we get x2,3 = 2n2 = 2n−4b−4, x3,3 = b−1−n2
and x2,2 = 0. If n2 ≥ b − 1 or n ≥ 3b + 1, then x2,3 = 2(n3 − 1) = 2b − 2, x3,3 = 0 and
x2,2 = n2 − (b− 1) = n− 3b− 1. Hence, the following result can be concluded
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Theorem 3.4. Let CT ∈ CT ∗n,b, where 1 ≤ b ≤
n
2
− 1, then
WP (CT ) ≥
{
b+ n− 5 ,n ≥ 3b+ 1
4b− 4 ,n < 3b+ 1.
and equality holds if CT ∈ Bn,b, where Bn,b is the set of n-vertex trees with the degree
sequence (3, 3, ..., 3︸ ︷︷ ︸
b
, 2, 2, ..., 2︸ ︷︷ ︸
n−2b−2
, 1, 1, ..., 1︸ ︷︷ ︸
b+2
).
Proof. By previous considerations, the tree from CT ∗n,b which gives a lower bound to Wp
belongs to Bn,b and the Wiener polarity index of an arbitrary tree from Bn,b can easily be
calculated, which completes the proof.
4 On the maximum Wiener polarity index of chemi-
cal trees with given number of segments
For n ≥ 6 and 3 ≤ k ≤ n− 1, denote by CT n,k by the class of all n-vertex chemical trees
with k segments. We determine the structure of the chemical tree(s) from the class CT n,k
that maximizes the Wiener polarity index WP . We denote this extremal chemical tree by
CTmax.
Lemma 4.1. [26] The tree CTmax ∈ CT n,k does not contain any internal path of length
greater than 1.
Lemma 4.2. [26] If the tree CTmax ∈ CT n,k contains a pendent vertex adjacent to a
branching vertex, then CTmax does not contain a pendent path of length greater than 2.
Lemma 4.3. [26] If the tree CTmax ∈ CT n,k contains a pendent vertex adjacent to a
vertex of degree 4 then CTmax does not contain any vertex of degree 3 adjacent to a vertex
of degree 2.
Lemma 4.4. Every path in the tree CTmax ∈ CT n,k contains at most two vertices of
degree 3.
Proof. Suppose, on the contrary, that the tree CTmax has a path containing three vertices
of degree 3. We assume that u-w is a path in CTmax containing exactly three vertices of
degree 3, where u and w have degree 3. Let v be the third vertex of degree 3 lying on
the u-w path and w1, w2 be the neighbors of w which do not lie on the path u-w. Let
CT ′ = CTmax − {ww1, ww2}+ {uw1, vw2}, then
Wp(CTmax)−Wp(CT
′) =−
∑
x∈N(u)
(dx − 1)−
∑
y∈N(v)
(dy − 1) + 2
∑
z∈N(w), z 6=w1, z 6=w2
(dz − 1)
− (dw1 − 1)− (dw2 − 1) (2)
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If vw ∈ E(CTmax) then by Lemma 4.1, the vertex u has at least one branching neighbor
and the vertex v has at least two branching neighbors and hence from (2), it follows that
Wp(CTmax)−Wp(CT
′) < 0, which is a contradiction to the definition of CTmax.
If vw 6∈ E(CTmax) then by Lemma 4.1, the vertex u has at least one branching neighbor
and the vertex v has at least two branching neighbors, one of which must have degree 4,
and hence again from (2), a contradiction is obtained.
Lemma 4.5. If T is a tree containing more than two vertices of degree 3, such that
every path in T contains at most two vertices of degree 3, and if T has the maximum
Wiener polarity index WP among all the members of the class CT n,k then there exists a
tree T ′ ∈ CT n,k containing at most two vertices of degree 3 such that Wp(T ) ≤Wp(T
′).
Proof. Let u, v, w ∈ V (T ) such that du = dv = dw = 3. Let w1 and w2 be those neighbors
of w which lie on neither of the paths u-w and v-w. If T ′ = T −{ww1, ww2}+{uw1, vw2},
then we have an equation similar to (2):
Wp(T )−Wp(T
′) =−
∑
x∈N(u)
(dx − 1)−
∑
y∈N(v)
(dy − 1) + 6− (dw1 − 1)− (dw2 − 1) (3)
Lemma 4.1 guaranties that every vertex on the paths u-w and v-w, except the vertices
u, v, w, has degree 4 and hence from (3), it follows that Wp(T )−Wp(T
′) ≤ 0.
Lemma 4.6. If the tree CTmax ∈ CT n,k contains a vertex u of degree 3 then u does not
have more than one branching neighbor.
Proof. Suppose, on the contrary, that v and w are two branching neighbors of u. Let
P = v1v2 · · · vi−1vivi+1 · · · vr be the longest path containing u, v and w, where vi−1 = v,
vi = u and vi+1 = w. By Lemma 4.4, P contains at most two vertices of degree 3,
including u. If P has two vertices of degree 3 including u then, without loss of generality,
we assume that dvj = 3 for some j, 1 ≤ j ≤ i − 1. Thus, there exists some k with
i + 1 ≤ k ≤ r − 1 such that vk has exactly one branching neighbor and dvk = 4. If
CT ′ = CTmax −{vi−1vi, vivi+1, vkvk+1}+ {vi−1vi+1, vkvi, vivk+1} then bearing in mind the
facts dvk+1 ≤ 2, dvi+1 = 4 and dvi−1 = 3 or 4, we have
Wp(CTmax)−Wp(CT
′) =− dvi−1 + dvk+1 < 0 ,
a contradiction to definition of the tree CTmax.
Keeping in mind Lemmas 4.1 and 4.2, we define a class CT 1(n, k) consisting of the trees
with the degree sequence (4, 4, ..., 4︸ ︷︷ ︸
k−1
3
, 2, 2, ..., 2︸ ︷︷ ︸
n−k−1
, 1, 1, ..., 1︸ ︷︷ ︸
2k+4
3
) such that every internal path has
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length 1 and if there is a starlike pendent edge then there is no pendent path of length
greater than 2. Clearly, it holds k ≡ 1 (mod 3) for such trees. Also, it is clear that
if n1 > n2 for such trees then n <
5k+7
3
and it holds x1,2 = x2,4 = n2 = n − k − 1,
x1,4 = n1 − n2 =
5k−3n+7
3
, x2,2 = 0 and x4,4 =
k−4
3
. If n1 ≤ n2, then n ≥
5k+7
3
and it holds
x1,2 = x2,4 = n1 =
2k+4
3
, x1,4 = 0, x2,2 = n2 − n1 =
3n−5k−7
3
and x4,4 =
k−4
3
.
Now, bearing in mind Lemmas 4.1, 4.2, 4.3 and 4.6 we define a new class CT 2(n, k)
consisting of the trees with the degree sequence (4, 4, ..., 4︸ ︷︷ ︸
k−3
3
, 3, 2, 2, ..., 2︸ ︷︷ ︸
n−k−1
, 1, 1, ..., 1︸ ︷︷ ︸
2k+3
3
) and sat-
isfying the following properties
• every internal path has length 1,
• if there is a starlike pendent edge then there is no pendent path of length greater than
2,
• the vertex of degree 3 does not have more than one branching neighbor,
• if there is a pendent neighbor of a vertex of degree 4 then the vertex of degree 3 does
not have any neighbor of degree 2.
Clearly, it holds k ≡ 0 (mod 3) for the trees of CT 2(n, k). Denote by Θ the number of
non-branching neighbors of the vertices of degree 4 in a tree T ∈ CT 2(n, k). It is clear
Θ = 2n4 + 1 =
2k−3
3
, for every tree in CT 2(n, k). If n2 ≤ Θ =
2k−3
3
, that is, if n ≤ 5k
3
then for the trees of CT 2(n, k) it holds x2,2 = x2,3 = x3,3 = 0, x2,4 = n2 = n − k − 1,
x3,4 = 1, x4,4 = n4 − 1 =
k−6
3
and hence Wp(T ) = 3n − 15 for every T ∈ CT 2(n, k)
when n ≤ 5k
3
. Now, if n2 = Θ + 1 =
2k−3
3
+ 1, that is, if n = 5k
3
+ 1 then for the
trees of CT 2(n, k) we have x2,2 = x3,3 = 0, x2,3 = 1, x2,4 = n2 − 1 = n − k − 2,
x3,4 = 1, x4,4 = n4 − 1 =
k−6
3
and hence Wp(T ) = 3n− 16 for every T ∈ CT 2(n, k) when
n = 5k
3
+ 1. Finally, if n2 > Θ + 1 =
2k−3
3
+ 1, that is, if n > 5k
3
+ 1 then for the trees
of CT 2(n, k) we have x2,2 = n2 − Θ − 2 =
3n−5k−6
3
, x3,3 = 0, x2,3 = 2, x2,4 = Θ =
2k−3
3
,
x3,4 = 1, x4,4 = n4− 1 =
k−6
3
and hence Wp(T ) =
3n+10k−39
3
for every T ∈ CT 2(n, k) when
n > 5k
3
+ 1.
Lastly, bearing in mind Lemmas 4.1, 4.2, 4.3, 4.5 and 4.6 we define another class
CT 3(n, k) consisting of the trees with the degree sequence (4, 4, ..., 4︸ ︷︷ ︸
k−5
3
, 3, 3, 2, 2, ..., 2︸ ︷︷ ︸
n−k−1
, 1, 1, ..., 1︸ ︷︷ ︸
2k+2
3
)
and satisfying the following properties
• every internal path has length 1,
• if there is a starlike pendent edge then there is no pendent path of length greater than
2,
• every vertex of degree 3 has exactly one branching neighbor,
• if there is a pendent neighbor of a vertex of degree 4 then every vertex of degree 3 has
exactly two pendent neighbors.
Clearly, it holds k ≡ 2 (mod 3) for the trees of CT 3(n, k). If k = 5, then n4 = 0, for
this particular value of k, if n − k − 1 < 4 that is, if n < k + 5, then for the trees of
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CT 3(n, k) it holds x1,2 = x2,3 = n−k−1, x2,2 = 0, x1,3 = k+5−n and x3,3 = 1 and hence
WP (T ) = 2n− 2k + 2 for every T ∈ CT 3(n, k) when n < k + 5 . If n ≥ k + 5, then then
for the trees of CT 3(n, k) it holds x1,2 = x2,3 = 4, x2,2 = n− k − 5, x1,3 = 0 and x3,3 = 1
and hence WP (T ) = n−k+7 for every T ∈ CT 3(n, k) when n ≥ k+5 . Denote by Θ
′ the
number of non-branching neighbors of the vertices of degree 4 in a tree T ∈ CT 3(n, k). It
is clear Θ′ = 2n4 = 2(
k−5
3
), for every tree in CT 3(n, k). If n2 ≤ Θ
′, that is, if n ≤ 5k−7
3
,
then for the trees of CT 3(n, k) it holds x2,2 = x2,3 = x3,3 = 0, x2,4 = n2 = n − k − 1,
x3,4 = 2, x4,4 = n4 − 1 =
k−8
3
and hence Wp(T ) = 3n− 15 for every T ∈ CT 3(n, k) when
n ≤ 5k−7
3
. Now if Θ′ + 1 ≤ n2 ≤ Θ
′ + 3 that is, 5k−4
3
≤ n ≤ 5k+2
3
then for the trees
of CT 3(n, k) we have x2,2 = x3,3 = 0, x2,3 = n2 − Θ
′ = 3n−5k+7
3
, x2,4 = Θ
′ = 2(k−5
3
),
x3,4 = 2, x4,4 = n4 − 1 =
k−8
3
and hence Wp(T ) =
6n+5k−52
3
for every T ∈ CT 3(n, k) when
5k−4
3
≤ n ≤ 5k+2
3
. Finally, if n2 > Θ
′ + 3 that is, n > 5k+2
3
then for the trees of CT 3(n, k)
we have x2,2 = n2 − Θ
′ − 4 = 3n−5k−5
3
, x3,3 = 0, x2,3 = 4, x2,4 = Θ
′ = 2(k−5
3
), x3,4 = 2,
x4,4 = n4−1 =
k−8
3
and henceWp(T ) =
3n+10k−47
3
for every T ∈ CT 3(n, k) when n >
5k+2
3
.
By previous considerations, the structure of a chemical tree that maximizes Wp is
completely determined, which enables us to state the following result.
Theorem 4.7. Let CT ∈ CT n,k, where 3 ≤ k ≤ n− 1, then
WP (CT ) ≤


3n− 15 , n ≤ 5k
3
, k ≡ 0(mod3)
3n− 16 , n = 5k
3
+ 1, k ≡ 0(mod3)
3n+10k−39
3
, n > 5k
3
+ 1, k ≡ 0(mod3)
3n− 15 , n < 5k+7
3
, k ≡ 1(mod3)
3n+10k−31
3
, n ≥ 5k+7
3
, k ≡ 1(mod3)
3n− 15 , n ≤ 5k−7
3
, k ≡ 2(mod3)
6n+5k−52
3
, 5k−4
3
≤ n ≤ 5k+2
3
, k ≡ 2(mod3)
3n+10k−47
3
, n > 5k+2
3
, k ≡ 2(mod3).
The equality holds if CT ∈ CT 2(n, k) for k ≡ 0(mod3), CT ∈ CT 1(n, k) for k ≡ 1(mod3),
or CT ∈ CT 3(n, k) for k ≡ 2(mod3).
Proof. Using Lemmas 4.1-4.6 and previous considerations, it can be concluded that the
tree that maximizes Wp belongs to CT 2(n, k) for k ≡ 0(mod3), CT 1(n, k) for k ≡ 1(mod3)
and CT 3(n, k) for k ≡ 2(mod3). Wiener polarity indices of these trees belonging to these
sets can easily be calculated by using simple calculations, which completes the proof.
5 On the minimum Wiener polarity index of chemi-
cal trees with given number of segments
Denote CT ∗n,k ⊆ CT n,k the class of n-vertex chemical trees with k segments. Let CTmin
be the tree that minimizes the Wiener polarity index in the class CT ∗n,k for 7 ≤ k ≤ n−2.
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Lemma 5.1. The tree CTmin does not contain any pendent path of length greater than 1.
Proof. Suppose, on the contrary, that there is a path P : u0u1u2...ut−1utv with t ≥ 1 in
CTmin where dv ≥ 3 and du0 = 1, du1 = du2 = ... = dut = 2. Let w be a neighbor of v lying
on some internal path (the existence of w is confirmed because of the assumption k ≥ 7).
Let CT ′ = CTmin − {ut−1ut, vw} + {vu0, ut−1w}. It is observed that CT
′ ∈ CT ∗n,k . As
dw ≥ 2 and dv ≥ 3, we have
Wp(CTmin)−Wp(CT
′) = (dv − 1)(dw − 1)− (dw − 1)
= (dw − 1)(dv − 2) > 0,
a contradiction to the minimality of CTmin.
Lemma 5.2. The tree CTmin contains at least one vertex of degree 4.
Proof. Assume, on the contrary, the maximum degree of CTmin is 3. Let P : v1v2 · · · vr
be the longest path in CTmin. The supposition k ≥ 7 ensures that P contains at least
3 vertices of degree 3. We note that both the vertices v1, vr are pendent and by using
Lemma 5.1 we deduce that both the vertices v2, vr−1 have degree 3. If P does not contain
any branching vertex, different from v2 and vr−1, having a pendent neighbor. Let u 6∈
{v2, vr−1} be a branching vertex on P with the non-pendent neighbor u1, not lying on the
path P . If T ′ is the tree obtained from CTmin by removing the neighbor(s) of u1 different
from u and adding the these neighbor(s) to the vertex vr, then Wp(CTmin) = Wp(T
′).
Hence, we may assume that P contains at least one branching vertex, say vi, different
from v2 and vr−1, having a pendent neighbor w. As k ≤ n − 2, so there is at least one
vertex of degree 2 in CTmin. Without loss of generality we may assume that dvr−2 = 2 and
dv3 ≤ dvi−1 ≤ dvi+1 . Let CT
′ = CTmin − {wvi, vi−1vi, vivi+1}+ {vi−1vi+1 + vivr−1 + v2w}.
then CT ′ ∈ CT ∗n,k and
Wp(CTmin)−Wp(CT
′) = 2(dvi−1 − 1) + 2(dvi+1 − 1) + 2 + 2(dv3 − 1)
−3(dv3 − 1)− (dvi−1 − 1)(dvi+1 − 1)− 3
= −5 − dv3 + 3dvi−1 + 3dvi+1 − dvi−1dvi+1
As, dv3 ≤ dvi−1 ≤ dvi+1
Note that I = 3dvi−1 + 3dvi+1 − dvi−1dvi+1 − dv3 , implying that:
i) I = 6, for dv3 = dvi−1 = dvi+1
ii) I = 7, for 2 = dv3 ≤ dvi−1 < dvi+1
iii) I = 7, for 2 = dv3 < dvi−1 = dvi+1 .
Therefore, in each possible case we get Wp(CTmin) − Wp(CT
′) > 0, implying that,
Wp(CTmin) > Wp(CT
′), a contradiction to the choice of CTmin.
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Lemma 5.3. If the tree CTmin ∈ CT
∗
n,k contains an internal path of length 1, then it does
not contain an internal path of length greater than 2.
Proof. Suppose, on the contrary, that there is an internal path u1u2 · · ·us of length at
least 3 in CTmin provided that u1 and us are branching vertices, let there also exists a pair
of adjacent, branching vertices u and v in CTmin. Let CT
′ = CTmin − {u1u2, u2u3, uv}+
{u1u3, uu2, u2v}, then CT
′ ∈ CT ∗n,k and
Wp(CTmin)−Wp(CT
′) = dudv − 2du − 2dv + 4,
which is positive because the function f defined by f(x, y) = xy − 2x − 2y + 4, with
3 ≤ x, y ≤ 4, is increasing in both x and y, and hence we have Wp(CTmin) > Wp(CT
′), a
contradiction to the choice of CTmin
Lemma 5.4. If CTmin ∈ CT
∗
n,k contains a vertex of degree 2 with the non pendent neigh-
bors x and y such that 4 < dx+ dy < 8, then CTmin does not contain any pair of adjacent
branching vertices x′ and y′ with dx′ + dy′ > dx + dy.
Proof. Suppose, on the contrary, that there is an adjacent pair of branching vertices x′
and y′ with dx′ + dy′ > dx + dy in CTmin , where x and y are the non-pendent neighbors
of a vertex z of degree 2 in CTmin such that 4 < dx + dy < 8.
Let a tree CT ′ is obtained as follows:
CT ′ = CTmin − {xz, zy, x
′y′}+ {xy, x′z, zy′}
It can be observed that CT ′ ∈ and
Wp(CTmin)−Wp(CT
′) = 2(dx + dy)− 2(dx′ + dy′) + dx′dy′ − dxdy
= (dx′dy′ − 2(dx′ + dy′))− (dxdy − 2(dx + dy))
> 0,
a contradiction.
By previous considerations we can state the following result.
Theorem 5.5. If T is a chemical tree with minimum Wiener Polarity index Wp for
7 ≤ k ≤ n− 2, then T ∈ CT ∗n,k.
We end this article by noting that Theorems 2.6 and 4.7 gives the complete solution
of the problem of finding the chemical trees of order n with a fixed number of segments or
branching vertices and having the maximal Wp value, which was left open in the recent
paper [26].
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